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The present study investigates the microstructural size effect on the strength of a bar under
axial loading, and on the toughness and crack growth of a beam under three-point bending
within the framework of strain gradient elasticity. The gradient responses have been found
considerably tougher as compared to the classical theory predictions and the observed
deviation increases with increasing values of the non-dimensional parameter g/L (micro-
structural length over structural length). Based on the analytical solution of the strain
energy release rate for the three-point bending case, a new, simple and universal, strain
gradient elasticity, brittle fracture criterion and a new, size adjusted fatigue crack growth
law have been established. Finally, the analytical predictions of the current modeling com-
pare well with previous experimental data, based on three-point bending tests on single-
edge notched concrete beams.
 2008 Elsevier Ltd. All rights reserved.1. Introduction
In many current applications of micro-electromechanical systems (MEMS) and nanotechnology, typical structural com-
ponents are in the form of beams, bars, plates and membranes (e.g. sensors and actuators) and deform elastically (Sent-
uria, 2001). These micro-structural components are also often subjected to cyclic loads with high frequency during their
service (e.g. radio frequency switches cantilevers). Thus, fracture toughness and high-cycle fatigue strength should be
important design issues for the long-term reliability of MEMS (see e.g. Ohring, 1998; Spearing, 2000). Especially fatigue
should become increasingly important as MEMS incorporate more metallic components (e.g. Pavlov et al., 2003; Uranga
et al., 2007).
In such small-scale structures, the material microstructural length scales become comparable to the length scale of the
deformation ﬁeld and the mechanical behavior becomes non-homogeneous and size-dependent. Recent experimental
investigations of fatigue strength of small-scale metals show pronounced strengthening due to the inﬂuences of both ﬁne
grain size and small geometrical dimensions (e.g. Zhang et al., 2006 for dynamic bending of stainless steel microbeams).
Nevertheless, there have been several studies as well as experimental evidence directed to elastic solids of much larger
scales which also exhibit size-dependent behaviors (see e.g. Kakunai et al., 1985 for polycrystalline aluminum beams
bending, Anderson and Lakes (1994) for beam bending and rod torsion in closed-cell foams, Perdikaris and Romeo
(1995) for three-point bending of plain concrete, and Bazˇant and Schell (1993) for cyclic three-point bending of
high-strength concrete). Classical elasticity theory is not adequate in capturing any size effect, since it possesses no char-
acteristic length (i.e. material parameter with length dimension) in the governing equations. Thus, one has to resort to
higher-order continuum theories (e.g. micropolar/Cosserat elasticity and strain gradient elasticity (SGE) theories), which. All rights reserved.
ax: +30 24210 74169.
oulos).
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obstacle to the usage of the aforementioned higher-order models is the complexity of the general theories involved (e.g.
Cosserat and Cosserat, 1909; Koiter, 1964; Mindlin, 1964; Eringen, 1966). The use of simpler, engineering-type gradient
theories (e.g. Ru and Aifantis, 1993; Vardoulakis and Sulem, 1995; Papargyri-Beskou et al., 2003) is much more conve-
nient. Also, the validity of the strain gradient theories, particularized for beam and bar conﬁgurations have recently been
shown by Giannakopoulos et al. (2006).
This study employs a framework based on the type II, SGE formulation which was established by Mindlin (1964). An ini-
tial evaluation of the proposed modeling has required analytical solutions for stiffness, toughness and fatigue metrics of key
problems such as the cantilever beam bending and the cracked bar axial loading which were addressed in a very recent arti-
cle by Giannakopoulos and Stamoulis (2007). It was found that the cantilever beam exhibits a signiﬁcantly stiffer response
and an enhanced fatigue lifetime, while the cracked bar exhibits considerable toughening. Furthermore, in the same article,
the characteristic microstructural length g of the employed modeling had been assessed for metallic materials with the use
of experimental data (Kakunai et al., 1985). It was shown that g exhibits a stronger correlation to grain size d as compared to
the length calculated with the couple-stress approach.
In the present study, we initially revisited the cracked bar axial loading problem in order to investigate the micro-
structural size effect on the strength of the gradient bar. Next, we extended the Kienzler and Herrmann’s procedure
on beams with cracks in order to compute the strain energy release rate of a notched beam under three-point bending.
Then, we used this metric in order to understand the size effect on the toughness and on fatigue crack growth of this
conﬁguration. Furthermore, this Grifﬁth-type fracture criterion was compared with alternative criteria, within the frame-
work of SGE, such as the critical normal stress criterion based on analytical solutions (see e.g. Shi et al., 2000; Georgiadis,
2003). Then, a size adjusted Paris law of fatigue crack growth (Paris and Erdogan, 1963) was presented for the three-
point beam bending. The current study concludes with the assessment of both proposed models by comparing the ana-
lytical predictions with the corresponding experimental data based on three-point bending tests of plain concrete beams
(under monotonic load) by Perdikaris and Romeo (1995) and of high-strength concrete beams (under cyclic load) by Ba-
zˇant and Schell (1993).
2. Uniaxial tension of a gradient elastic cracked bar
2.1. A review of the problem and the derived toughness metric
We consider a straight prismatic bar of length 2L and cross-sectional area A, subjected to co-axial tensile forces N = Ar
(where r is the true uniaxial tensile stress) resulting in a displacement u(x) along its longitudinal axis x. Furthermore, we
assume a discontinuity of the bar’s cross-sectional area, at x = 0, caused by either a central crack or two symmetrical edge
cracks, which reduce the cross-sectional area to A*, as illustrated schematically in Fig. 1. On the basis of the employed theory
(form II SGE in Mindlin, 1964), the one-dimensional constitutive relations for the Cauchy, double and total stresses sx, lx and
rx, respectively, are given byFig. 1. Conﬁguration of the cracked bar under consideration: (a) with a central crack and (b) with two symmetrical edge cracks.
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¼ Eðex  g2e00xÞ ð1Þwhere ex represents the axial strain of the bar, E is the Young’s modulus, g represents a material microstructural length1 and
primes indicate differentiation with respect to x.
In a recent article (Giannakopoulos and Stamoulis, 2007), we examined a characteristic problem where the gradient
cracked bar has uniform cross-section A, homogeneous material properties E, g and is subjected to a given axial tensile force
N = Po at its free ends and an average strain, eo exactly at the cracked region (eo > Po/AE), for different values of the uncracked
area A*.
For the particular problem, the strain energy release rate G was obtained using the procedure established by Herrmann
and Sosa (1986), as the following jump relation:G ¼  P
2
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ð2ÞThe strain energy release rate G is a function of the non-dimensional parameter g/L (microstructural length over beam
length) and of the axial strain at the cracked region, of the form eo/(Po/AE) = f, where the constant f > 1. For a given eo, the
strain energy release rate is decreasing monotonically with g/L, predicting a tougher response for the gradient cracked
bar, as compared to the classic theory prediction.
Note that for g? 0, 1coshðL=gÞ ! 0 and we obtain the classic result (G? Gcl). For small values of g/L: G/Gcl  1  2eL/g.
2.2. Strength metric for the gradient cracked bar
Using Eq. (2), we construct an expression that it is like a strength metric in order to investigate the microstructural size
effect on the strength of the gradient bar. The non-dimensional strength parameter is deﬁned asr ¼ Po
AE
ð3ÞIf we suppose that cracking advances at a characteristic critical value of the energy release rate Gc, then we deﬁne a length
parameter L as a characteristic structure size byL ¼ AE
Gc
ð4ÞNow, we assume that A/A* is constant and obviously A/A* > 1. Then using Eqs. (2)–(4) and after some rearrangements, we
obtainr ¼ ðf  1Þ2  A
A
 1=2
f  A
A
 1=2" #28<
:
9=
;
1=2
1 1
coshðL=gÞ
 1=2
ðLÞ1=2 ð5Þwhere fP A/A*.
Note that in the limiting case, where f  A/A*, Eq. (5) may be rewritten as2r ¼ 1
f  1 1
1
coshðL=gÞ
 1=2
ðLÞ1=2 ð6ÞThe structure of Eq. (6) suggests that the strength metric r* may be corresponded to the well-known Bazˇant’s size-dependent
nominal strength rN and the length parameter L to Bazˇant’s characteristic structure dimension D, respectively (see Bazˇant
and Chen, 1997).
Now, the non-dimensional strength metric r* is plotted in Fig. 2, as a function of the length parameter L and for various
values of the non-dimensional parameter g/L. The parameter f is given two characteristic values which correspond to the
parametric study performed for the toughness metric, while the parameter A/A* is given appropriate values (1 < A/A* < f)
in order to examine the inﬂuence of the crack size.
Fig. 2 shows that the strength metric is decreasing monotonically with increasing values of the length parameter
L. Furthermore, the current modeling predicts that the gradient elastic bar is stronger as compared to the classical elastic
bar due to the non-dimensional parameter g/L (microstructural length over beam length). Speciﬁcally, the strength metric
is increased with increasing values of g/L and this deviation is signiﬁcant for g/L > 0.25.
Finally, if logr* is plotted versus logL for various values of the non-dimensional parameter g/L and for ﬁxed values of the
strain eo and the ratio A/A*, then the present scaling law corresponds to the group of inclined straight lines shown in Fig. 3,estimate of g can be made from a micromechanical average analysis. For example, a laminated reinforced beam with laminates of thickness df and
thickness dm and elastic modulus Ef and Em, respectively, give g2 ¼ ½d2f nEf þ d2mð1 nÞEm=½nEf þ ð1 nÞEm for Poisson’s ratios zero and n = df/(df + dm)
al., 1968).
same assumption was also applied in the derivation of the toughness metric by Giannakopoulos and Stamoulis (2007).
Fig. 2. Dependence of the non-dimensional strength metric r* of the gradient cracked bar on the length parameter L and for various values of the non-
dimensional parameter g/L (microstructural length over beam length). The axial strain is given two characteristic values of the form eo = f(Po/AE) which
correspond to the similar parametric study performed for the toughness metric (Giannakopoulos and Stamoulis, 2007), while the ratio A/A* is given
appropriate values, 1 < A/A* < f: (a) eo = 10/8(Po/AE), A/A* = 1.05, (b) eo = 10/8(Po/AE), A/A* = 1.15, (c) eo = 16/8(Po/AE), A/A* = 1.05 and (d) eo = 16/8(Po/AE),
A/A* = 1.15.
Fig. 3. A log  log plot of r* versus L for various values of the non-dimensional parameter g/L and for ﬁxed values of eo = 16/8(Po/AE) and A*/A = 0.5, gives a
group of inclined straight lines with common slope of 1/2.
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tic fracture mechanics (LEFM).
Fig. 4. Conﬁguration and loading of the notched beam under consideration.
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3.1. An extension of Kienzler and Herrmann’s procedure on beams with cracks
We consider a Bernoulli–Euler beamwith a discontinuity of its cross-sectional area (y–z plane), at x = 0, caused by an edge
crack and subjected to bending in its y–x plane, as illustrated schematically in Fig. 4. The equilibrium conditions of force and
moment, respectively, are given byQ 0 ¼ q ð7:1Þ
M0 ¼ Q m ð7:2Þwhere q and m are the given load and moment per unit length of the beam, respectively, Q and M represent the shear force
and bending moment, respectively and primes indicate differentiation with respect to x.
Furthermore, on the basis of the type II SGE formulation by Mindlin (1964), the constitutive equations for the gradient
elastic beam are given by Papargyri-Beskou et al. (2003)Q ¼ EI½u000  g2uV ð8:1Þ
M ¼ EI½u00  g2uIV ð8:2Þ
Md ¼ EIg2u000 ð8:3ÞwhereMd represents the non-classical (double) bending moment, E is the Young’s modulus, I is the moment of inertia of the
cross-section of the beam about its z-axis, u is the y-axis deﬂection in bending, g represents a material microstructural length
(gradient coefﬁcient) and the rotation of the cross-section is considered to be u0.
Now, the strain energy density (per unit length) W =W(x,  u0) is given byW ¼ 1
2
EI½ðu00Þ2 þ g2ðu000Þ2 ð9ÞAlso, the potential of the distributed forces V is given byV ¼ quþmu0 ð10Þ
Note that W + V is the total potential energy per unit length of the beam, under static conditions. Now, following the proce-
dure introduced by Kienzler and Herrmann (1986), we construct two energy expressions that they are like a material force
and a material load, respectively. Differentiating Eqs. (9) and (10) with respect to x, we obtainW 0 ¼ 1
2
ðEIÞ0½ðu00Þ2 þ g2ðu000Þ2 þ EI½u0u000 þ gu000ðgu000Þ0 ð11Þ
V 0 ¼ ðq0uþ qu0Þ þm0u0 þmu00 ð12Þ
Substituting equilibrium Eqs. (7.1) and (7.2) into Eq. (12), we obtainV 0 ¼ q0uþm0u0 þ ðQu0Þ0  ðMu00Þ0 þMu000 ð13Þ
Substituting constitutive Eqs. (8.1), (8.2) and (8.3) into Eq. (11) and after some rearrangements, we obtainW 0 ¼ 1
2
ðEIÞ0½ðu00Þ2 þ g2ðu000Þ2 þ EIgg0ðu000Þ2  ðEIg2Þ0ðu000Þ2 þ ðMdu000Þ0 Mu000 ð14ÞThen, using Eqs. (13) and (14), we obtainW 0 þ V 0  ðQu0Þ0 þ ðMu00Þ0  ðMdu000Þ0 þ q0um0u0  12 ðEIÞ
0½ðu00Þ2 þ g2ðu000Þ2  EIgg0ðu000Þ2 þ ðEIg2Þ0ðu000Þ2 ¼ 0 ð15Þ
Fig. 5. (a) A line path C enclosing the cracked area of the beam. (b) Limit case of (a) as AB and CD line segments approach the crack.
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be functions of x.
Now, we deﬁne a material force B and a material load b according to Eshelby’s energy-momentum tensor (Eshelby, 1975),
as follows:B ¼W þ V  Qu0 þMu00 Mdu000 ð16Þ
b ¼ q0um0u0  1
2
ðEIÞ0½ðu00Þ2 þ g2ðu000Þ2  EIgg0ðu000Þ2 þ ðEIg2Þ0ðu000Þ2 ð17ÞTherefore, Eq. (15) may be rewritten as a balance lawB0 ¼ b ð18aÞ
An integral form of Eq. (18a) can be obtained by enclosing the cracked area with a line C and denoting by S the area of the
beam surrounded by C, as shown in Fig. 5(a). The result isZZ
S
B0dxdy ¼
ZZ
S
1
2
ðEIÞ0½ðu00Þ2 þ g2ðu000Þ2 þ 1
2
EIðg2Þ0  ðEIg2Þ0
 
ðu000Þ2  q0uþm0u0
 
dxdy ð18bÞIn case of homogeneous material properties (EI, g constant) and constant distributed forces (q,m), Eq. (18a) becomes the
conservation law:B0 ¼ 0 ð18cÞ
Then, Eq. (18b) becomesZZ
S
B0dxdy ¼ 0)
Z
C
Bdy ¼ 0 ð18dÞIf the variations of EI, g and q, m are bounded, then we can take the limit of the integral balance of Eq. (18d) for the case
that C shrinks to a closely spaced loop around the crack tip, as shown in Fig. 5(b). ThenZ
A0B0þC0D0
Bdy ¼ 0 ð18eÞThe energy release rate G is deﬁned as the negative of the rate of the change of the total potential energy of the cracked
body with crack advance. Then G is given byG ¼ dðW þ VÞ
da
¼ o
oa
 o
oy
 
ðW þ VÞ ð19ÞThe energy release rate for a crack of unit width can be identiﬁed with the J-integral of the gradient elasticity according to
Georgiadis and Grentzelou (2006), who proved that in the absence of body forces and inhomogeneities, it is also path-inde-
pendent, as the well-known J-integral of Rice (1968). We can then particularize the path of integration to two parallel lines
that approach the crack as in Fig. 5(b). This leads to the following jump condition:G ¼ 2ðW  Qu0 þMu00 Mdu000Þjx¼0  ðW  Qu0 þMu00 Mdu000Þjx¼0þ  ðW  Qu0 þMu00 Mdu000Þjx¼0 ð20Þ
where at x = 0 lies the crack.
Note that the presence of material inhomogeneities and/or of variable distributed loads (acting here as ‘‘body type” of
forces) invalidate the applicability of Eq. (20). The crack faces are also assumed to be completely unloaded.
Now, if the crack is in the line of symmetry of the cracked bar, thenG ¼ 2sBt ¼ 2½Bjx¼0  Bjx¼0þ  ð21Þ
Fig. 6. Conﬁguration and loading of the notched beam subjected to three-point bending. Note that P denotes the applied load P per unit of out-of-plane
thickness ðP ¼ PÞ.
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Next, we will examine the problem where the gradient notched beam of unit width has a length 2L, an orthogonal cross-
section with a height H at its uncracked portion and a discontinuity at its mid-span (at x = 0) with a notch depth a. Also, the
gradient beam has homogeneous material properties E, g and is subjected to a given lateral load P at x = 0, like a mode I, plane
stress, fracture case, as illustrated schematically in Fig. 6.
The aforementioned problem’s solution for the deﬂection at the cracked region (x = 0) is equivalent to the solution for the
gradient cantilever’s end-deﬂection (x = L) with half the length and load of the current beam (Giannakopoulos and Stamoulis,
2007).
This solution has the form:uðLÞ ¼ c1L3 þ c2L2 þ c3Lþ c4 þ c5g4 sinh Lg
 
þ c6g4 cosh Lg
 
ð22Þwhere the constants c1 through c6 have been determined asc1 ¼ P12EI ; c2 ¼ 3Lc1; c3 ¼ 6g
2
1þ Lg sinh Lg
 
cosh Lg
 
0
@
1
Ac1; c4 ¼ 6Lg2c1
c5 ¼  1g3 c3 and c6 ¼
6L
g2
c1
ð23Þ3.3. Toughness metric for the gradient notched beam
Next, using the solution of Eqs. (22) and (23), we compute the derivatives u0(L), u00(L), u000(L), uIV(L), uV(L) and uVI(L):u0ðLÞ ¼ 3c1L2 þ 2c2Lþ c3 þ c5g3 coshðL=gÞ þ c6g3 sinhðL=gÞ ð24aÞ
u00ðLÞ ¼ 6c1Lþ 2c2 þ c5g2 sinhðL=gÞ þ c6g2 coshðL=gÞ ð24bÞ
u000ðLÞ ¼ 6c1 þ c5g coshðL=gÞ þ c6g sinhðL=gÞ ð24cÞ
uIVðLÞ ¼ c5 sinhðL=gÞ þ c6 coshðL=gÞ ð24dÞ
uVðLÞ ¼ c5
g
coshðL=gÞ þ c6
g
sinhðL=gÞ ð24eÞ
uVIðLÞ ¼ c5
g2
sinhðL=gÞ þ c6
g2
coshðL=gÞ ð24fÞNow, substituting Eqs. (8)–(10) and (24) into Eq. (16), and after performing extensive calculations, the material force B is
given byB ¼ 1
2
EIf72ðc1Þ2L2 þ 48c1c2 þ 12ðc2Þ2  36ðc1Þ2g2  12c1c3  ðc5Þ2g4 þ ðc6Þ2g4g þ 12 EIf24c1c5g
2L sinhðL=gÞ
þ 24c1c6g2L coshðL=gÞ þ 8c2c5g2 sinhðL=gÞg þ 12 EIf8c2c6g
2 coshðL=gÞ  24c1c6g3 sinhðL=gÞ  24c1c5g3
 coshðL=gÞg ð25Þ
Finally, substituting Eqs. (23) and (25) into Eq. (21) one obtains the following expression for the energy release rate G as a
jump relation
Fig. 7. Dependence of the normalized strain energy release rate, G/Gcl of the gradient notched beam on g/L.
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L
 2
 2 g
L
 2
f1ðkÞ  gL
 2
f 21 ðkÞ
 	" #" #
ð26Þwhere f1ðkÞ ¼ 1þ
1
k sinh
1
kð Þ
cosh 1kð Þ and k ¼
g
L
Eq. (26) predicts the classical elasticity result, Gcl in the limit g? 0Gcl ¼ Gðg ¼ 0Þ ¼ P
2L2
4EI
" #" #
¼ P
2L2
4E
1
I
 1
I
 
ð27Þwhere I* is the moment of inertia of the cross-section, at the cracked portion of the beam.
Note that the terms which include the gradient effects will always make G smaller than Gcl (strengthening effect).
The latter result, Gcl, which has been derived on the basis of Kienzler and Herrmann’s procedure, agrees with that of Mul-
ler et al. (1993) derived directly for the classic case (g = 0) and compares quite well with the corresponding – and accurate –
handbook solution (Tada et al., 1985) obtained by means of numerical methods, as it is brieﬂy discussed in Appendix A.
Now, the normalized strain energy release rate, G/Gcl is plotted in Fig. 7, as a function of the non-dimensional parameter,
g/L. This plot shows that the normalized strain energy release rate is decreasing monotonically with g/L, predicting a consid-
erably tougher response for the gradient notched beam, as compared to the classic theory prediction.
Finally, for small values of the non-dimensional parameter g/L(0 6 g/L < 0.2), we performed an asymptotic analysis which
shows that the normalized strain energy release rate function is well approximated by the form:G=Gcl  1 2ðg=LÞ þ 3ðg=LÞ2 ð28Þ
Therefore, the notched beam conﬁguration shows a much more pronounced effect of the elastic strain gradient in tough-
ness than the cracked bar conﬁguration.3
The analytical solution of Eq. (26) can be used as a Grifﬁth type, fracture criterion based on the strain energy release rate
approach within the framework of SGE, G = Gc, assuming a material depended critical value of the strain energy release rate
Gc that must be exceeded to cause crack extension. Furthermore, this criterion is simple and reduces to the classical case.
Also, it can be experimentally measured and is easily and accurately estimated by numerical analysis. Nevertheless, it is valid
only for the case of monotonic loading conditions. Alternative SGE fracture criteria that one may use, utilize analytical solu-
tions for stresses, developed by Shi et al. (2000) and Georgiadis (2003). The concept of ‘‘small scale strain gradient effects” is
adopted in the following discussion, assuming that the gradient asymptotic analysis dominates the remotely imposed classic
stress ﬁeld around the crack tip (see Appendix B).
3.4. Small scale strain gradient effects
An approximate representation of the tractions ahead of the crack tip was given by Karlis et al. (2007). On the basis of the
employed gradient framework (form II SGE in Mindlin, 1964) and with the coordinate system located at the crack tip, as
illustrated in Fig. 8, Karlis et al. (2007) suggest the traction ﬁeld to be a simple superposition of the gradient elastic asymp-
totic ﬁeld (x3/2) and of the classic asymptotic ﬁeld (x1/2):o , an ana ly t i c a l so lu t ion has been deve loped fo r the energy re lease ra te o f the doub le cant i l eve r beam as :
tanh2 Lg
 
 gL

 
tanh Lg
 
2 1
cosh Lgð Þ
 
 sinh Lg
 
1 tanh2 Lg
   
þ gL

 2 2 tanh2 Lg þ sinh Lg  tanh Lg  cosh Lg  1cosh Lgð Þ
  	
while for small values
6 g/L < 0.2), the normalized energy release rate function is well approximated by a form, very similar to Eq. (28): G/Gcl  1  2(g/L) + (g/L)2.
Fig. 8. Distribution of the normal stress traction ty, ahead of the crack tip for the non-dimensional distance x/g.
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2p
p x3=2 þ K Iﬃﬃﬃﬃﬃﬃ
2p
p x1=2 ðx > 0Þ ð29ÞIn the above form, KI is the classic mode I stress intensity factor [Pa m1/2] and K1 is the SGE mode I intensity factor [Pa m3/2].
Under conditions of small scale gradient elasticity KI is related to the energy release rate per crack width G through the path
independent J-integral:G ¼ K
2
I ð1 m2Þ
E
ð30Þfor plane strain, where E is the Young’s modulus and m is the Poisson’s ratio.
For crack opening, KI > 0. We have also proved that K1 6 0 (Giannakopoulos et al., 2008). This last result has been con-
ﬁrmed numerically by many authors (Shi et al., 2000; Georgiadis, 2003; Karlis et al., 2007 among others). This means that
ahead of the crack tip the tractions are compressive. However, the strains are tensile (Giannakopoulos et al., 2008) around
the crack tip.
Now, the maximum value of the tractions ahead of the crack tip, max ty can be found for x = xm (as illustrated in Fig. 8)
wherexm  3K1=K1 ð31Þ
and max ty is given bymax ty  0:77K3=2I =
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pjK1j
p
ð32ÞAlso, the tractions ahead of the crack tip are zero for x = xo (Fig. 8) wherexo ¼ xm=3 ð33Þ
From numerical results (Shi et al., 2000) the dimensionless maximum value of the tractions ahead of the crack tip was found
to bemax ty
K I=
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2pg
p  0:8 ð34Þ
Then using Eqs. (31) and (33) we havexm  2:8 g and xo  0:93 g ð35Þ
Under these circumstances, we can propose three simple fracture criteria for brittle fracture:G ¼ Gc ð36:1Þ
K I ¼ K Ic ð36:2Þ
max ty ¼ tyc ð36:3Þ
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Criterion (36.2) implies a critical stress intensity factor. It can be used as a fracture criterion since KI is positive. On the
other hand, it is difﬁcult to consider K1 as a criterion, since K1 6 0.
Criterion (36.3) implies a strength-type criterion. However, for g? 0, maxty? +1 and then this criterion looses its
meaning. It also implies that a minor crack would appear in front of the main crack, something which has not been seen
experimentally in all composite systems.
Criterion (36.1) is a classic Grifﬁth-type criterion. We have proved that G > 0. Giannakopoulos et al. (2008). This criterion
is not restricted by the small scale SGE arguments. It is a very useful criterion because it is based on an experimentally mea-
surable quantity, which is also computationally easily obtainable for any cracked conﬁguration. However, it cannot be used
for fatigue analysis and does not correlate directly with K1 or KI. The relation between G and K1 is not simple. The crack open-
ing displacement close to the crack tip and the traction in front of the crack tip need a two parameter representation:Table 1
Uniaxia
(after P
Cylinde
10.2 
15.2 uy ¼ Ku
E
ﬃﬃﬃﬃﬃﬃ
2p
p ðxÞ3=2 ð37Þfor x 6 0 andty ¼ K1ﬃﬃﬃﬃﬃﬃ
2p
p x3=2 ð38Þfor x > 0. Similar to Eqs. (37) and (38) asymptotic results were obtained by Shi et al. (2000) who used incompressible linear
gradient elasticity.
Giannakopoulos et al. (2008) showed that uyP 0 and ty 6 0 always, which means that Ku > 0 and K1 6 0. They also showed
that the energy release rate per unit crack width is also related to the two parameters Ku and K1 asG ¼ 3
4
KuK1
E
ð39ÞClearly, there is no direct way to correlate Gwith K1 and KI because Ku is not directly related to K1 or KI. It is interesting to
examine the limiting case for g? 0. In this case, K1? 0 and G! K2I ð1 m2Þ=E is the classic energy release rate depending on
the particular conﬁguration and loading, but independent of g. Then, from Eqs. (38) and (39)Ku  Kug1 and K1  K1g ð40Þ
where Ku and K

1 do not depend on g. The energy release rate becomesG ¼ 3
4
KuK

1
E
ð41ÞTherefore, in the limiting case g? 0, the constants Ku and K

1 can be correlated with oK1/og and KI asoK1=og  K1 ð42Þ
andK2I ð1 m2Þ  
3
4
KuK

1 ð43Þ3.5. Experimental assessment of gradient toughness metric
Perdikaris and Romeo (1995) studied experimentally the effect of the beam size, aggregate size and compressive strength
on the speciﬁc fracture energy of plain concrete, based on three-point bending static tests on single-edge notched beams. We
focused on their results regarding concrete of the highest compressive strength with the smallest maximum aggregate size
(6 mm), to have minimum inﬂuence of the fracture process zone in front of the stress-free crack. Perdikaris and Romeo re-
ported the average strength and elastic modulus values from uniaxial compression of cylinders of two different sizes as in
Table 1. Of particular interest to us were the results of cracked beams of width 127 mm, initial notch a = 0.3H and the rest of
the nominal dimension as shown in Table 2.l cylinder compressive strength and elastic modulus values for high-strength concrete with maximum aggregate size 6 mm and Poisson’s ratio m = 0.2
erdikaris and Romeo, 1995)
r specimen Compressive strength (MPa) Elastic modulus (GPa)
20.4 cm 62.6 48.3
30.4 cm 66.4 43.6
Table 2
Nominal beam specimen dimensions (after Perdikaris and Romeo, 1995)
Beam size H (mm) 2L (mm) a (mm)
S1 64 254 19
S2 127 508 38
S3 254 1016 76
Average width is 127 mm.
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rates according to the modiﬁed linear elastic fracture mechanics model of Jenq and Shah (1985) which uses an effective crack
that is longer than the actual crack to account for the non-linear effects. In Jenq and Shah’s ‘‘two-parameter” model (TPM),
the elastic modulus is inversely computed from the experimental crack mouth opening displacement (CMOD) and the linear
elastic fracture relations pertinent to the tested cracked conﬁguration. In Table 3, we give the values of the critical energy
release rate according to Jenq and Shah (1985), as well as the ‘‘elastic modulus” computed by their method. We observe that
the Jenq and Shah’s elastic modulus is somehow lower than the modulus found by uniaxial compression tests (Table 1). This
is a good indication that the fracture process zone in front of the crack tip is small and hence linear analysis can predict the
local energy corresponding to the peak load conﬁguration. Now, one way to assess the current modeling is to make use of Eq.
(25) along with the experimental data of Perdikaris and Romeo (1995), under discussion. Speciﬁcally, using Gcl = 45.1 N/m, as
given in the experimental data for the concrete mix of interest (C2–D1) by Perdikaris and Romeo (1995) and
g ’ 2.7  6 mm = 16.2 mm, as predicted by Bazˇant and Pijaudier-Cabot (1989), one obtains the values of the critical energy
release rate GCMc (current modeling), as shown in Table 4. These predictions compare well with the corresponding ranges of
the experimental data by Perdikaris and Romeo (1995), given by GTPMc values in Table 3.
3.6. Size adjusted Paris law of fatigue crack growth
Many cracked materials under fatigue testing follow the empirical Paris–Erdogan law (Paris and Erdogan, 1963; Suresh,
2001). The crack length increment per cycle, Da/DN can be rewritten in a non-dimensional form as (Bazˇant and Schell, 1993)Table 3
Ranges
Specim
S1
S2
S3
Table 4
Predicti
Specim
S1
S2
S3Da
DN
¼ j DK I
K Ic
 n
ð44Þin which j is a dimensionless empirical constant, n is the same exponent as in Paris law (n, j experimentally obtained po-
sitive constants), DKI is the amplitude of the applied stress intensity factor and KIc is the fracture toughness for monotonic
loading. According to Bazˇant and Schell (1993), we could replace KIc with a size modiﬁed constant. Implied in Bazˇant and
Schell’s suggestion is the existence of a cohesive zone that attempts to shield the crack. The irreversible loading–unloading
of the cohesive zone seems to explain well the Paris law (Nguyen et al., 2001). In the present work, we have seen that such
‘‘cohesive zone” (compressive stresses at the crack tip) is predicted by the strain gradient formulation. We therefore propose
that a nominal, plane stress KIc can be found from the classic relation:K Ic ¼
ﬃﬃﬃﬃﬃﬃﬃﬃ
GcE
p
ð45Þwhere the critical energy release rate Gc includes the size effect explicitly as well as the effect of the specimen geometry and
loading.of the critical energy release rate GTPMc from Perdikaris and Romeo (1995), using the Jenq and Shah (1985) analysis
en size GTPMc (N/m) Computed elastic modulus (GPa)
29.8–31.1 40.4–41.5
39.8–41.8 43.3–49.5
43.6–47.5 42.8–43.0
ons of the critical energy release rate GCMc , using the current modeling
en size g/L G/Gcl, Eq. (25) Gcl ¼ GSEMf (N/m) G ¼ GCMc (N/m)
0.1276 0.7940 45.1 35.8
0.0638 0.8850 45.1 39.9
0.0319 0.9390 45.1 42.3
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lengthGc  Gccl 1 2ðg=LÞ þ 3ðg=LÞ2
h i
ð46Þwhere Gccl is the critical energy release rate of an inﬁnitely large specimen (g/L? 0).
Denoting by Kccl the fracture toughness of an inﬁnitely large specimen, we haveKccl ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
GcclE
q
ð47Þand then using Eqs. (44) through (46), we have, to a ﬁrst approximation (small values of g/L)K Ic  Kccl
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1 2 g
L
r
ð48ÞTherefore, the size adjusted Paris law of fatigue crack growth for the three-point bend notched beam specimen becomesDa
DN
 j DK I
Kccl
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 2 g
L
r n
ð49Þfor small values of the parameter g/L(0 6 g/L < 0.2).
Eq. (48) predicts an enhancement of the cyclic crack growth for the gradient response, while it reduces to the classic Paris
law, in the limit g? 0.
Furthermore, available experiments of Bazˇant and Schell (1993) exist for high-strength concrete with L = 1.25H, maxi-
mum diameter of aggregate 9.5 mm and ASTM compressive strength 90.3 MPa. They estimated the value of internal length
from uniaxial strength tests as go  31.8 mm. All their experiments ﬁtted well with n = 8.6 according to the form:Da
DN
 j DK I
Kccl
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 1:42 go
H
r 8:6
ð50ÞIn our present formulation we use g ’ 2.7  9.5 mm = 25.65 mm, based on Bazˇant and Pijaudier-Cabot (1989). Then our pre-
diction, Eq. (44), givesDa
DN
 j DK I
Kccl
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ 1:6 g
H
r 8:6
ð51ÞThe analytical results agree reasonably well with the experimental results since 1.6g = 41.04 mm and 1.42go = 45.16 mm.
A further positive conﬁrmation of this analysis comes from the fact that Hillerborg et al. (1976) have shown that the effec-
tive width of the fracture process zone is about twice the characteristic length of the material, in agreement with Eq. (35).
4. Conclusions
Based on the type II strain gradient elasticity (SGE) framework, we estimated the energy release rate for various cracked
conﬁgurations by extending the Herrmann’s procedure, as particularized on bars and beams. We conclude the followings:
(1) The strength of the cracked bar has been found to increase with increasing values of the non-dimensional parameter
g/L (microstructural length over beam length) as compared to the classical theory prediction.Dependence of the normalized strain energy release rates Gh (handbook solution) and Gcl(current result for k = 1 and k = 1.32) on the relative crack
a/H.
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with increasing values of g/L, as compared to the classical theory prediction, as well as compared to the cracked
bar.
(3) The analytical solution of the strain energy release rate can be used to formulate a fracture criterion, within the frame-
work of SGE. It assumes a constant, critical value of the strain energy release rate Gc that must be exceeded in order for
crack extension to occur. Furthermore, this solution is simple and connects directly with the classical cases. Neverthe-
less, it is valid only for the case of monotonic loading conditions.
(4) The proposed energy criterion may put the strain gradient elastic fracture mechanics in better terms, since a local frac-
ture criterion would run into the conceptual difﬁculty of the compressive tractions that are predicted in front of the
mode I crack tip (although the strains are tensile).
(5) The analytical predictions of the current modeling for the energy release rate compare well with the corresponding
experimental data by Perdikaris and Romeo (1995), based on three-point bending tests on single-edge notched con-
crete beams.
(6) A size adjusted Paris law for the three-point bend notched beam was found. It predicts an enhancement of the cyclic
crack growth for the gradient response in accordance with experimental results for high-strength concrete.
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‘‘Fatigue of MEMS”.Appendix A. Assessment of the classical elasticity result, Gcl
Stress intensity factors for the conﬁguration under consideration are available in the fracture mechanics literature. Here,
we use the numerical, handbook solution (see e.g. Tada et al., 1985) for the mode I, stress intensity factor KI of a single-edge-
notched beam (SENB, see Fig. 6):K I ¼ 4P
H1=2
fhða=HÞ ð52Þwhere the geometry function, fh(a/H) is given byfhða=HÞ ¼ 3ða=HÞ
1=2f1:99 ða=HÞ½1 ða=HÞ½2:15 3:93ða=HÞ þ 2:7ða=HÞ2g
2½1þ 2ða=HÞ½1 ða=HÞ3=2
ð53Þfor a span-to-thickness ratio of 4 (2L/H = 4), according to the ASTM Standard E 399 (1997) requirements.
Now, the strain energy release rate for mode I, plane stress fracture is given byGh ¼ K
2
I
E
ð54ÞThus, the corresponding formulation for the strain energy release rate as a function of the relative crack length, a/H is given
byGh ¼ 16P
2
EH
f 2h ða=HÞ ð55ÞOn the other hand, the current result of Eq. (26), Gcl as a function of a/H is given byGcl ¼ k12P
2
EH
1
½1 ða=HÞ3
 1
( )
ð56Þwhere k is an additional, ﬁtting factor originally introduced by Bazˇant (1990).
Now, while the plot of the normalized Gh, Gcl versus a/H in Fig. 9 conﬁrms that the current result (for k = 1) compares
quite well with the exact solution of elasticity, it also indicates that the agreement would be even better for some value
of k calculated to be k  1.32, as Bazˇant (1990) similarly suggested for the case of the notched beam subjected to pure bend-
ing. Further investigation shows that the optimum value of k is a variable depending on the exact range of interest of a/Hand
that the constant factor corresponding to k  1.32 leads to optimum ﬁtting only over the range: 0.3 6 (a/H) 6 1. Speciﬁcally,
there is an accurate expression for the ﬁtting factor, as also Gao and Herrmann (1992) have earlier proposed, which can be
determined through asymptotic matching to be k = 1.319{1 + 2[1  (a/H)]6.65}. Nevertheless, we may assume that the afore-
mentioned correction factor applies equally well to the gradient term of the result given by Eq. (26). Therefore, this ﬁtting is
considered not to cause any loss in the capability of the current simple model to predict the size effect in three-point bending
of the notched beam.
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We can use the term ‘‘small scale strain gradient elasticity” for the case where a classic asymptotic ﬁeld of modes I, II or III
crack is valid outside the corresponding asymptotic ﬁeld due to SGE. In this context, two analytic solutions exist.
Shi et al. (2000) obtained analytically the mode I, full-ﬁeld solution for a semi-inﬁnite crack in an inﬁnite solid charac-
terized by the higher-order elastic continuum theory as the limit of the strain gradient plasticity theory by Fleck and Hutch-
inson (1997) with the plastic work hardening exponent n = 1 (incompressible gradient elasticity). Shi et al. (2000) showed
the distribution of the normalized, normal stress traction ty, ahead of the crack tip (x > 0,y = 0) for the non-dimensional dis-
tance x/l (distance along x-axis over internal material length). Speciﬁcally, they found explicitly the transition from the re-
motely imposed classical KI ﬁeld ( r1/2 as r?1) to the asymptotic K1 ﬁeld near the crack tip (r3/2 as r? 0). As the crack
tip is approached, the normal stress traction reaches a peak at a distance of x/l = 0.5, then begins to decrease and ﬁnally be-
comes compressive within a distance of x/l = 0.25 to the crack tip. The maximum value of the normal stress traction was
found to be 0.8. The crack opening displacement (COD) solution obtained by Shi et al. (2000) also exhibits a transition from
the remote classical KI ﬁeld ( r1/2 as r?1) to the asymptotic crack tip ﬁeld (r3/2 as r? 0). Similar results were found by
Georgiadis (2003) for mode III type of fracture.
We can quantify the above discussion, as follows:
Suppose a crack of unit width and total length of 2a in an inﬁnite medium under a uniform applied traction to, acting in a
direction normal to the crack. Clearly, in this case the tractions ahead of the crack tip take the limit ty? to(x? +1). In order
for the small scale SGE to hold, the maximum traction near the crack tip must be sufﬁciently greater than to. Using Eq. (34),
we will require thatmax ty  to ð57Þ
For the geometry under discussion, K I ¼ to
ﬃﬃﬃﬃﬃﬃ
pa
p
. Then, Eq. (56) holds provided that a 3g.References
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